Subject of the study is a Timoshenko beam with transverse-variable Young's modulus. Problem of vibrations of the beam resting on an inertial Vlasov foundation and subjected to a moving force is solved analytically. The Timoshenko beam's eigenproblem is discussed and the physical sense of the additional band of natural vibrations and the corresponding critical frequency is analytically explained.
Introduction
In 1921-1922, basing on Rayleigh's assumptions, Timoshenko published two papers [1, 2] , on the influence of a beam section shear and rotary inertia effect on its transverse vibrations. These studies had been known much earlier in Russia, published in 1914 Russia, published in -1916 , and after Timoshenko's death republished by Grigoljuk in the 1970s in book series.
Timoshenko's publications played a very important role in the development of dynamics of structures in the twentieth century [3] . In the early 1950s, three decades after the publication of Timoshenko papers, Mindlin published several important studies devoted to the Timoshenko model's application to the dynamics of thick plates. All these publications have been summarized in Mindlin's monograph [4] .
To date, several thousand studies have been published directly or indirectly concerning beams and thick plates using the Timoshenko model's idea. Many authors have addressed the problem of the Timoshenko beam natural vibration's second and third bands, e.g. [3, [5] [6] [7] [8] . Also, moving loads on the Timoshenko beam were analyzed in numerous papers, including [9] [10] [11] [12] [13] [14] [15] [16] . Some of the relevant literature refers to the Timoshenko beam resting on various types of deformable foundation, e.g. [11, [13] [14] [15] [16] . However, in most studies available in the literature, the foundation inertia is neglected. This paper discusses the Timoshenko beam's eigenproblem and the analytically explained physical sense of the additional band of natural vibrations and the corresponding so-called critical frequency ω cr . The effect of the adopted deformable foundation model and its characteristics (elasticity, shear, inertia) on the Timoshenko beam's deflections under a moving load is investigated. Subject of the study is a beam with transverse-variable Young's modulus.
Governing equations
The Timoshenko beam motion equation can be derived in many ways. Locally, by the kinetostatic method, with attached forces and moments of inertia, using the virtual work principle, from the Lagrange equations of the second kind or using the Hamilton principle. The motion equations can also be derived by imposing some kinematic hypotheses on displacements, as, for example, in a study [5] , and other studies.
The constraints equation and relations between internal forces and displacements in the Timoshenko beam are given by the Eqs. (1-3): 
In this study, Eq. (6) with an unknown deflection w is analyzed.
Eqs. (6) and (7) can be rewritten by entering two wave velocities c 1 2 = E/p and c 2 2 = κG/p, as well as inertia radius
, as in [5] . Four boundary conditions and four initial conditions must be attached to the motion equations so that the principle of beam motion specificity is retained.
Eigenproblem of Timoshenko beam
To solve the Timoshenko beam eigenproblem, spatial and temporal variables are separated in homogeneous Eqs. (4) and (5):
, which produces system of equations:
Assuming harmonic motion of natural vibrations, after substitution of T̈ = -ω 2 T into Eqs. (8) and (9), the following equations are obtained [7, 8] :
Equations (10) and (11) can be transformed and reduced to two fourth order equations with function W or Ψ:
It is easy to see that Eqs. (12) and (13) 
Two of them s 1 and s 2 will always be imaginary and the other two s 3 and s 4 may be real, imaginary or equal to zero, depending on the beam's material constants and geometric characteristics.
The boundary between the real and imaginary roots is the last component in Eq. (14) . Assuming that in a specific case the expression in brackets can be equal to zero, the Timoshenko beam's so-called critical natural frequency ω cr can be determined, s 3,4 = 0 hence:
If ω κ ρ < G A J , i.e. ω < ω cr , the characteristic equation roots s 3 and s 4 will be real. If, in turn, ω κ ρ > G A J , i.e. ω > ω cr , then roots and will be imaginary. The case of ω = ω cr refers to the third band of Timoshenko beam's natural vibration. In these three cases, the natural vibration will, of course, assume different modes. Timoshenko beam's natural vibrations with first and second frequency are discussed in detail in [7] .
In the case of the third band of Timoshenko beam's natural vibration ω ω = = cr c r 2  , Eqs. (12) and (13) are:
The characteristic equations of Eqs. (16) and (17) are the same, and their solutions have the form
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The solution of Eq. (4) and (5)), in which time derivatives are of the second order, along with four initial conditions for the looked-for functions and their derivatives, according to the motion specificity principle. Whereas in Russian studies the equations system (Eqs. (4) and (5)) is transformed into one Eq. (6), Eq. (7) or into an equation in the wave form. These are equations with elevated fourth order of the time derivative.
Equation of motion of non-uniform beam
In this paper, the Eq. (6) of Timoshenko beam on a deformable foundation is analyzed and solved. Layer of an inertial foundation with thickness H is described by factors k s , G s and m s . Factor k s describes the foundation's elastic settlement, factor G s determines the effect of shear in the foundation and is therefore a measure of the load's transfer to the foundation in the vicinity of its application, and m s represents the foundation's inertia. A foundation so characterized can be described by Vlasov's inertial model [19] . Foundation's dynamic reaction to beam r(x, t) and load q(x, t) are formulated as:
, ,
For a beam with Young's modulus variable after function E(z) or stepwise, in the equations describing its vibration, EJ should be replaced with equivalent stiffness
where:
or
Vertical displacements w then refer to the beam's neutral axis, which is set off by e relative to the uniform beam's neutral axis [20] .
Upon consideration in Eq. (6) of the foundation's response and the beam's load in the form of a force moving at a constant velocity Eqs. 29), is a partial differential equation of the fourth order with regard to its spatial and temporal co-ordinates.
Solution of beam's forced vibration problem
In the case of boundary conditions of simple support of a beam with length l and assuming that the beam vibrations are harmonic, the analytic solution of Eq. (29) can be formulated as
where ω 1n and ω 2n are the beam's natural frequencies:
and 
In a specific case of Eqs. (31) and (32), with A 1 2 n = 4A 2n , there is ω ω ω
The natural vibration mode corresponding to this frequency is called the third, additional band of Timoshenko beam vibrations [6, 7] .
Constants C 1n , C 2n , C 3n , and C 4n in Eq. (30) should be determined from the initial conditions of the problem, which after load decomposition Pδ(x -vt) into sine Fourier series can be formulated as 
where K 1n is given by Eq. (33).
With the assumption that all four initial conditions equal to zero, the beam deflection expression slightly differs. This has been assumed, inter alia, by Mackertich [12] . 
Integration constants C̃1 n -C̃4 n are determined from the deflection continuity conditions and its three subsequent derivatives at time t = l/v, i.e. when the moving force leaves the beam. To determine the beam midpoint's deflection (x = l/2), the following conditions must be met:
Solving the system of four Eqs. (48)-(51) produces the sought coefficients C̃1 n -C̃4 n .
As seen from solution Eq. (46), the beam deflection consists of free vibration with circular frequencies ω 1n and ω 2n , and purely forced vibrations with circular frequency α n v. Components containing frequency ω 2n are of relatively small values compared to other components, and in practical applications are sometimes neglected [1] . Graphical comparison of deflections resulting from beam vibrations with frequencies ω 1n , ω 2n and α n v is presented in Fig. 1 . The geometric and material data were adopted as in [12] . Moving force velocity equals v = 50 m/s.
The charts in Fig. 1 clearly show that the deflections from the vibration at circular frequency ω 2n are small compared to the forced vibration as well as the associated free vibration at frequency ω 1n . The maximum amplitude of vibrations at frequency ω 2n amounts to 10 -6 of the forced vibration amplitude, and the amplitude of free vibrations at frequency ω 1n is five orders smaller. Thus, neglecting components containing ω 2n in practical applications it is justified. 
Damped vibrations
Damping coefficient c can be treated as a substitute damping characteristic that represents the internal damping in the beam and the external damping in the foundation alike.
Numerical examples
Based on the equations presented in previous sections and their solutions, the beam vibrations caused by passing a force moving at a constant velocity have been analyzed. Impact has been examined of the foundation properties (elastic settlement, shear, and inertia factors), as well as of inhomogeneity (transversal variability of Young's modulus), on the beam deflection. Critical velocities have been determined and dynamic coefficients relating to beam deflections analyzed. Two vibrations cases were considered: when a moving force is applied to the beam (forced vibration), and after the moving force has been left the beam (free vibration). The graphs are shown in dimensionless coordinates. The beam's vertical displacement has been related to the static deflection of the center of Timoshenko beam span w s T t , whereas the moving force position has been related to the beam length l. For the results' analysis and graphic rendering Mathematica was used.
Beam deflection analysis
Timoshenko beam resting on inertial Vlasov foundation, which can be used to model a road pavement fragment, is analyzed. Therefore, we will consider a structure of cement concrete on a lean concrete foundation. Let's assume that The foundation's impact on the beam midpoint vibration is shown in the charts in Fig. 2 . Charts of the tracking deflection under a moving force, i.e. at x = vt, in case of v = 60 m/s, are shown in Fig. 3 . Whereas the beam midpoint vibrations depending on the moving load velocity is shown in Fig. 4 . The beam deflections in Figs. 2-4 refer to the static deflection of the midpoint of a beam loaded in its span center, without the foundation's consideration.
Damping effect
The external damping effect on vibration of Timoshenko beam resting on Vlasov layer and subjected to a moving force will be analyzed by solving the beam motion equation Eq. (53), assuming the simple support conditions. The solutions for vibrations forced by a force movement and free vibrations have been obtained using Mathematica. here is the static deflection of the midpoint of a simply supported beam resting on a foundation, and loaded in the middle of the span with a force.
Effect of moving force velocity
In the relevant literature, there are several dynamic factor definitions, e.g. in [22] . As shown in these studies, dynamic factors differ in the cases of dynamic beam deflections, dynamic bending moments, and in the case of dynamic shear forces.
In this study the effect of the moving force's velocity on the dynamic deflections of simply supported Timoshenko beam resting on Vlasov layer is examined. The dynamic factors are defined by formulas The resulting solutions' convergence is confirmed, inter alia, by phase portraits in coordinates w, ẇ. One of these charts is shown in Fig. 12 . 
Conclusions
Based on this analysis it can be concluded that the deflections from the vibration at circular frequency ω 2n are small compared to the purely forced vibration at frequency α n v, as well as the associated free vibration at frequency ω 1n . Thus, ignoring components containing ω 2n in practical applications it is justified.
The results indicate that appropriate selection of the foundation's parameters allows for the beam deflection's significant reduction, while the impact of the shear coefficient in the foundation on the reduction is more pronounced than the impact of other factors.
Both the moving force velocity and the foundation also influence the dynamic factors, which are different in the cases of dynamic beam deflections, dynamic bending moments, and dynamic transverse forces. The dynamic factors strongly depend on the moving force velocity and are variable, increasing and decreasing alternately as the velocity's function.
